MODULE 7:

Trigonometry

Revision
. o] y
sin 8 = = i =4
i h sin 6 ~
_a h x
cos 6 = — 0 cos 6 = —
h r
tan 0 = 2 tan 8 = ¥
a a X
n Second quadrant | Co-functions
2™ i = |2 : r o-funetl
sin(180°-06)=sinB sin(90°-8)=cosB
cos(180°-0)=-cosH )
tan(180°-0)=-tang | €0s(30°~6)=sind
(180°-6) ‘ Third quadrant sin(90°+8)=cosO
180° S1A B tan(180°+8)=tan®
T|C 360° | cos(180°+0)=-cos0 cos(90°+8)=-sinB
sin(180°+ 8 )=-sinB
(180°+0) (360°-0)
@ Fourth quadrant
270° cos(360°-6)=cosB
sin(360°-8)=-sinB
tan(360°-6)=-tan®
Special Traingles KNOW! Negative angles
cos (-A) = cos A
1 sin (-A) = -sin A
45° . tan (-A) = -tan A
1

Study the following theory well.

Compound-angle identities

cos (A-B) =cosAcosB +sinAsinB
cos (A+ B) =cosAcosB-sinAsinB
sin (A + B)
sin (A - B)

=sinAcos B + cos AsinB

=sinAcosB-cosAsinB

| Double-angle identities | Identities

sin?A + cos?A =1

sin2A = 2sinAcos A
' - cos?A = 1 - sinA

cos 2A = cos’A - sin’A
=1 - 2 sin?A and sinA = 1 - cos®A
=2cos’A -1
_ SsinA
HEIR & —2anA A = owA

1-tan2A




Negtive angle (Add 360°)

1. sin(-120°)

sin 240°
sin(180°+60°)
= —sin 60°
_—V3

T2

Angle greater than 360° (subtract 360°)

2. tan 420°
= tan60°

V3

1

Not a reduction formulae (+ or — 360°)

Exception (0 — 90°)

1. sin (540°-0)
= sin(180° — 0)
= sin O

2. tan (0 -360°
=tan 0

3. cos (6 —180°)
= cos (0 + 180°)
=—cos 0

(take out a negative)

1. sin (0 —90°)
= sin — (90°-0)
=—sin (90°-0)
=—cos 0

Square
(square goes outside the brackets)

1. sin?(180° —0)
= [sin(180° — 0)]?
= [—sin 0]?
= sin %0

Cofunctions are equal if their angles add up

to 90°

1. sin 30° = cos 60°
2. cos 20°=sin 70°

USE COSINE WHEN YOU ARE GIVEN:

1. SSS

X/

H

USE SINE WHEN YOU ARE GIVEN:

1. SSA

X

i

2. SAS

2. AAS

(TWO SIDES AND AN INCLUDED ANGLE)

X




TRIG NOTES 14/03/2026
EXAMPLE
5.3 Given the expression:

sin(90° + x).cos(—x).tan" (540° + x)
co0s(180° — x).sin(x —90°) -1

5.3.1 Simplify the expression fully. (5)
5.3.2 For which value(s) of x,is the identity undefined? (3)
531 B (COSJC)(COSJC)(Y.&HZ x) v COS X.COS X
(—cosx)(—cox)—1 v tan? x
cos® x.tan” x
== v —COSX.—COS X
cos” x—1
2 Sin2 X
cos” X.—
_ cos” x
cos’ x—1
sin’ x
—Sinz X v _S]-n}! x
-1
V-1 (5)
532 cos’x—-1=0
COS X ==] vx=0°
ref angle =0 v x=180°
~x=0°or x=180° or x=360°
v x =360° (3)
EXAMPLE
If sin14° = k, write the following in terms of k:
(a) sin194° (b) cos 76° (c) cos14°
(d) sin 28° (e) cos28° () tan 28°
(g) cos44° (h) sin7°cos 7° (1) 1-2sin*7°



Solution

(a) sin194° (b) cos 76°
=sin(180 +14°) = c0s(90° - 14°)
=—5inl4° =sin14°
i =k
. k (v * - T ) _Ji_2
@ et (2) e
LY 2 2 _ 42
X"+ k=1 =7
o =1-k
- = r=1
X x=vN1-k-
Rl
r 1
(d) sin 28° (e) cos28°
=sin(2-14°) =cos(2-14%)
=2sin14°cos14° =1-2sin’14°
=2kV1-k? =1-2&
(f) tan 28° (g)  cosdd®
sin 28° = c0s(30°+14°)
" cos28° = c0s30°cos14° —sin 30°sin 14°
21 B el
1-2k° 2 2
N33k -k
B 2
(h) sin 7°cos 7° (i) 1-2sin* 7°
— %(ZSin 7°cos7%) = cos14°
=%sin]4° =v1-k°
L
2

=

DO THIS EXAMPLE

25in510° = cos 340° - cos(=20°)
cos” 110°




EXAMPLE 6
Simplify the following:

sin26 cos2a
(a) - (b) ——
sin® COsOL —Ssino
2A+1 .
(c) el (d) cos2x +2sin’ x
2cos A
Solution
s'f‘ 26 (b) cos 2q
sin® cosOL—sino
2sinBcosH =—cos‘a-s!n“a
=— COSOL—Sinot
sin® \ .
(CosOL—sIoL)(cos oL+ since)
=2cos0 = ;
cosOL—sino
=COSOL+SIinoL
2 2
(¢) Lol (d) cos2x+2sin” x
2cos A
_2cos’ A-1+1 =1-2sin® x+2sin’ x
2cos A -
_2cos” A
2Ccos A
=COSA
EXAMPLE 20
S 2
Prove that: tan 0+ Cf“e =—
sin®  sin26
Solution
c0s6 2
LHS = tan 0+ — RHS = —
sin® sin26
_ sinB  cosH 2
cosf sin® ~ 2sinBcos
B sin° 0+ cos’ 0 B 1
cosBsinb cosBsinf
N |
cosBsin®

~.LHS = RHS



EXAMPLE 21

Prove that:

@) sin2A i
1+ cos2A
cos20  sin®

— = +tanBOcosO
cosO—sin® tanB

(c)
Solution

@) LHS = sin2A
l+cos2A

_ 2sinAcosA

" 142cos’ A1

_ 2sinAcosA

T 2cos’A

_ sinA

" cosA

®) LHS = | —c.:os 2x
sinx
~1-(1-2sin’x)

sinx

¥ D
B 2sin” x

sinx
=2sinx

cos26

LHS= ———
©) cosO—sinB

_ cos”0—sin’0

"~ cosB—sin®

_ (cosB—sinB)(cosO +sinb)
- cosB—sinB
=cos0+sinB

l|—cos2x B sin2x

(b) = -
sinx COS X
RHS=tan A
_ sin A
cos A
RHS = sin2.x
COS X
_ 2sinxXCOs X
cosx
=2sinx
RHS = $in0 +tanBcosO
tan
sin® ( sin® )
= + cosB
( sin® ) cosO
cos

sin® cos® sin® cosB
] x X

1 sin® cosH |
=c0s0+sin0




EXAMPLE 24

Prove that:

(a) sinfA+B)+sin(A—B)=2sin AcosB

Solution

(a) LHS =sin(A +B)+sin(A-B)

(b)

=sinAcosB+cosAsinB+sin AcosB-cos AsinB

=2sin A

(b) LHS = cos 3o

cosB

=cos(20t+ o)

=cos20.cos0—sin 2cesin ot

2> . .
=(2cos” o~ 1)cosa—(2sinorcosa)sino

3 .2
=2¢08 OL—CcosOL—2sin” (Lcosa

3 2
=2cos ot—cosoL—2(1 —cos™ ot)cosoL

3 3
=2¢os OL—cosOL—2cos0o+2cos” O

=4cos’ 0.— 3coso

EXAMPLE 25

Prove that:

sin 3xcosx —cos 3xsinx g

Solution

LHS = sin(3x—x)
cos2x
_ sin2x

cos2x

2 o2
COS X—SsImn x

an2x

RHS =tan2x
_sin 2x
cos2x

3
cos3o=4cos oo— 3cosot

RHS =2sin AcosB

RHS =4cos” a.— 3cos,



EXAMPLE 26

sin3x+sin7x
Prove that: =tanSx

cos3x+cosTx

Solution

Notice that the average of 3x and 7x is Sx.

We can write:
. 3x as Sx-2x
e Tx as Sx+2x

(

3x+7x 10x ]
==X =5y
2 2

sin3x+sin7x
LLHS = RHS =tan5x
cos3x+cosTx
sinSx
.c = % .v 7 R . —
_ sin(Sx—2x)+sin(S5x+2x) e
cos(Sx—2x)+cos(Sx+2x)
B sinSxcos2x—cosSxsin2x+sinSxcos2x+cosSxsin2x
cosSxcos2x+sinSxsin2x+cosSxcos2x—-sinSxsin2x
_ 2sin5xcos2x
2¢cosSxcos2x
a sinSx
cosSx
EXAMPLE 23
l—sin2x cos2x
Prove that: — = -
COSX—=5SInx COSX-+SsIny
Solution
1=sin2x cos2x
LHS s —— RHS=——""
COSX—S8inx cosx+sinx
2 .2
1 - 2sinxcosx _Los x—a3m x
= oS x—Sinx COSX+sinx
2 .2 ) (cosx—sinx)cosx+sinx)
COS™ x+smn” x— 2 SINXCOsS X = -
= N COSX+sIny
COSX—SinY .
=CO5X=s8Inxy

2 . . : 2
_ oS~ X — 28Inxcosx+sin~ x

COSX—Sinx
.2
_ (cosx—sinx)
COosSx—sinx
=Cosx—sinxy



EXAMPLE 32

Solve for 0:
(a) 2sin20 = 3cosB (b) 3sinB-cos20+2=0

(c) c0s20+2sin20—4sin’0=0
Solution
(a) 2sin20 = 3cosO

@ep]ace sin 260 with 2sinBcos 9)

5 2(2sinBcosB) = 3cosB

s 4sinBeosO = 3cosh
So4sinBcosB—3cosB=0
ScosB(4sinB-3)=0
scosB=0 or4sin8-3=0

3
sLeosB=0 or 5in9=i
e cosB=0: 6=90"+k-360° or 6=270"+k-360° ; keZ
3
- sin9=z: 0=48.59°+Lk-360° or B=131.41°+k-360° ;: ke i

(b) 3sinB—cos204+2=0

@nﬂ in the equation — Replace cos26 with I—lsinz@

3sinO—(1—2sin” 0)+2=0
- 3sinB—1+42sin°0+2=0
. 2sin> 0+ 3sin0+1=0

S (250 + 1D)(sinB+1)=0

S.sinf = —% or sinfB=-1

1 _
. sin8=—§: B=210°4+k-360° or 0=330+k-360° : keZ
e sinB=-=1: O6=270"+Lk-360° : kel



EXAMPLE 33

Solve for a:
(a) cosocos 107 +sinosin10° = 0,365 (b) sinacoso=-0,4

Solution

(a) cosorcos10°+sinasin10° = 0,365

@ you recognise the compound angle pattern? cosocos10° +sino:sin10° = cos(o - 10°D

~ocos(o—10°)=0,365
So=10°=68,59°+k-360° or 00=10°=291,41°+k-360° ; keZ
soe=T78,59°+k-360° or 00=301,41°+k-360° ; keZ

(b) sinocoso=—-0.4

@ultiply both sides by 2 to create 2sinccosc, which can be replaced with sin 201)

2sinacosoe=—0,8

~sin20.=-0,8

~200=233,13°+k-360° or 200.=306,87°+k-360° ; keZ
~oe=116,57°+k-180° or a0.=153,44°+k-180° ; keZ

()  cos20+2sin20-4sin°0=0

(Replace sin26 with 2sin6cos)

0820+ 2(2sinBcosO)—4sin* 0 =0

0820+ 4sinBcosO—4sin“0=0

@n BcosO in the equation — Replace cos20 with cos’ 0—sin’ (D

- cos” O—sin’ O+ 4sinBcosO—4sin° 0 =0
.cos” B+ 4sinBcosO—5sin” 0=0

S (cosB—sinB)(cosB+5sinB)=0
scosB=sinB or cosB=-5sinb

~tanf=1 or tan()=—l

e tanB=1: 0=45°+k-360° or 6=225°+k-360° ;: ke Z

. tan9=-—%: 0=168,69°+k -360° or 6=348,69°+k-360° ; keZ

~



